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Abstract 

Let 7] be a quadratic irrationality. The variant of a ternary problem of 
Goldbach involving primes such that a < {r]p} < b, where o and b are arbitrary 
numbers of the interval (0, 1), solved in this paper. 



1. Introduction Suppose that k > 2 and n > 1 are naturals. 
Consider the equation 

p n i+P2 + ---+Pk = N (1) 

in primes p h p 2 , . . . ,Pk- 

Several classical problems in number theory can be reduced to the 
question on the number of solutions of the equation (CO). For example 
if n = 1 and k = 2 or 3 then (CD) is the equation of Goldbach; if n > 3 
then (CD) is the equation of Waring-Goldbach. 

Let V be a subset of the set of primes, fi = lim ir~ l (N) ^ 1 be 

peV 

the "density" of V, < ji < 1. 

Let Jk, n {N) be the number of solutions of (CD) in primes of the set 
"P, and Ik, n (N) be the number of solutions of (CO) in arbitrary primes. 

Sometimes the equality 

Jk,n(N) - fi k h, n (N) (2) 

holds. 

For example, if V = {p \ a < {^/p} < b}, < a < b < 1 then 
provided n = 1, k = 3, and also provided n > 3, k n 2 logn the 
equality 0) holds (s. 0). 

In present paper we solve the additive problem for which the equal- 
ity (ED does not hold. 
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Let 77 be a quadratic irrationality, 0<a<b<l, V={p\a< 
{r]p} < b}, n= 1. Then /i = b — a (s. [T]). 

The main result of the present paper is the following theorem which 
shows that the equality J^i(N) ~ (6 — a) 3 I^ t i(N) does not hold. 

Note that (s. [1]) 

N 2 ( N 2 \ 



2(logAT) 3 \{logN) 4 J ' 
where 

Theorem 1. Suppose 

sin 3 irm(b — a) 



a{N,a,b)= J2 ^ 



^2nim(r]N-1.5(a+b)) 

|m|<oo 

Then, for any C > 0, formula 



7r 3 m 3 



Jz,i( N ) = h,i( N M N i a, b ) + °( n2 N ) 

holds. 

Outline of proof. Define the function 

/ \ r 1? */ a < x < b, 
^ X > ~ ^ , if 0<x<a or b<x<l 

and extend it along number axis with period 1. Suppose 

s (x) = Y,Mip)e 2nixp ; 

p<N 

then 

J 3) i(iV) = / 5 3 (x)e- 27ria;iV (ix. 
jo 

In Vinogradov's lemma on "containers" (s. [T], p. 22), we select 
r = [In TV], A = In - " 41 N, where A\ > is sufficiently large con- 
stant. Denote the function ip from the lemma on the "containers" by 



ipi with a = a + A/2 and (3 = b — A/2. Set in the lemma a = a — A/2, 
/? = 6 + A/2 and denote the corresponding function ^ by ip2- Define 

Jk(N) = J" Mm>)<* Mx *\ e~ 2 ™ N dx, k = 1,2. (3) 

From the properties of ipi( x ) an d 4>2(x) there follows 

Ji(N) < J 3) i(iV) < J 2 (iV). (4) 

We shall get an asymptotic formulas for Ji(N) and J2(N) with iden- 
tical main terms. In the above integral (J3j) we replace ipk(vP) by the 
Fourier series 



MW>)= J2 c k {m)e 2 ^ + 0{N 

|m|<rA _1 



— Ill 7T 



thus 



■i 



J k (N)= I ( J2 c k {m)Y,e 2m{x+m7l)p ) e" 27ri:c7V ^ + 0(iV 

ImKrA- 1 p<N 



2-ln7P 



1 

2ni(x-\-miri)pi 



= ^2 c fc( m i) X c fc( m 2) XI c fc( m s) / X e 

Imil^rA- 1 Imsl^rA" 1 ^l^rA- 1 pi<N 

. ^ y e 2m{x+m 2 vi)p2 y ^ e 2Tvi(x+m 3 ri)p 3 ^-2-KixN ^ Q^y-2-lii7r^ 

Note that 

X 4(m)e 27rin7?iV X X X [\ 2m{x+mr > )ipi+P2+P3 - N) dx = 

|m|<rA-! Pi<N p 2 <N p 3 <N ^ 

= J 3 ,i(J\0(ff(JW) + O(A)). 
Consider the sets such that (mi, m2, 771.3) 7^ (m,m, to) and the in- 
tegrals 

I(iV, TOi, TO2, TO3) = / + TOi?7)||5(x + TO277)||5(x + TO37/)|(ix, 



where 

S(x) = e2mxp - 

p<N 

Without loss of generality it can be assumed that mi < m<i- By t 
denote x + m\T]. Since the integrand has a period 1, we can take t to 
lie in the range E = [-1/r; 1-1/r), where r = NliT B N, B > 2C+8. 
Suppose d, q G Z are such that 

* = - + —, (d,g) = l, l<9<r, |0i|<l. 

Divide the interval E into two intervals E"i and E2 for which g < In" 4 TV 
and In" 4 N < q < r respectively with a fixed A > 2C + 8. On writing 
m = 1112 — mi, m' = 7723 — mi, we can express the above integral as 

/ I |5(t + 77177) | + m'r/) \dt 

J-1/t 

and get the estimate 

< 7r(iV) (max | S(t + mq) | + max|S(*|). (5) 



It is well known (s. [3j, p. 35) that 

max ISO) I <C N 11 2 r 1/2 In 4 N. (6) 

Suppose D,Q eZ are such that 

r/ = ^ + ^, (AQ) = l, i<Q<n, \9 2 \<l. 

From 77 is the quadratic irrationality it follows that T\ > Q > c(ol)t\. 
Choosing t\ = y/r, we can get the estimate 

max \S{t + rrvq)\ <C N 1 ' 2 t 1/2 In 4 N. (7) 
Now the theorem follows directly from formulas (Hj) - - (CO) 
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